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 
Abstract— Differential transformation (DT) method has shown 
to be promising for power system simulation in our recent works. 
This letter applies the DT method to nonlinear power flow 
equations and proves that the nonlinear power flow equations are 
converted to formally linear equations after DT. This letter 
further extends the constant power load assumption in the 
classical power flow formulation to the more general and practical 
ZIP load assumption and proves that the linear equation after DT 
still holds for ZIP load model with slight modifications on the 
coefficient matrices. These results demonstrate great potential of 
the DT method in solving power system nonlinear problems.  
 
Index Terms— Differential transformation; power flow 
equation; ZIP load. 
I. INTRODUCTION 
ifferential transformation (DT) method is a promising 
approach for power system dynamic simulation. It is 
introduced to power system field in our recent work and has 
proved to be effective to solve both the ordinary differential 
equation (ODE) model [1] and the differential algebraic 
equation (DAE) model [2]. For a DAE model in transient 
stability simulation, the nonlinear current injection equations of 
synchronous generators, ZIP loads [2] and motor loads [3] were 
proved to satisfy a formally linear equation after DT, which is 
an important property and has enabled a highly efficient 
algorithm to solve the DAE model without iterations. This 
letter further applies the DTs to the nonlinear power flow 
equations with both constant power load model and ZIP load 
model. For both load models, we prove that the power flow 
equations for PQ buses, PV buses and the slack bus all satisfy 
formally linear equations after DT. We further derived the 
analytical expression of the coefficient matrices in the linear 
equation. These results demonstrate great potential of the DT 
method in solving power system nonlinear problems. 
II. MAIN RESULTS 
The Differential Transformation (DT) method was 
introduced to the power system field in [1]. A detailed 
introduction of the DT method and the transformation rules for 
various generic nonlinear functions in power system models are 
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provided in [1]-[2]. 
A. Nonlinear Power Flow Equations 
The classical power flow equations [4]-[6] are given in (1a) 
where S  is a vector of the complex power injections, V is a 
vector of bus voltage phasor, and Ybus is the bus admittance 
matrix. This letter considers a more general setting in (1b) 
which is obtained by adding the product of a loading parameter 
λ and a constant vector b  to the left-hand side [6].  
 

*
bus
*
bus
  S=V(Y V)       (a)
S+ b=V(Y V)       (b)
  (1)  
Equation (1b) is further written as the general form in (2) 
where g is a nonlinear vector field; y is the bus voltage vector 
under rectangular coordinates defined as y=[eT,fT]T, where e= 
[e1,…, eN]T and  f= [f1,…, fN]T are respectively the real and 
imaginary parts of the bus voltage phasor; N is the total number 
of buses; λ is the loading parameter.  
 0 ( , ) g y   (2)  
The goal is to solve the power flow solution y under a given 
loading condition λ, or more generally, to determine how power 
flow solution y changes with loading parameter λ, shown in (3). 
Generally, analytical expression of (3) is unavailable due to the 
nonlinearity of g in (2), and iteration methods such as the 
family of Newton method are needed. 
 ( )y y   (3)  
B. Overview of the Major Results 
For the convenience, variables y and λ in (2) can be 
interpreted as functions of time, i.e., y(t) and λ(t) as shown in 
(4a), and the DTs of them are denoted by corresponding capital 
letters Y(k) and Λ(k), where k is the order of power series 
coefficients. This letter first derives DTs of (4a) with the 
general form in (4b) about the 0 to kth order power series 
coefficients Y(0:k) and Λ(0:k). Then, we further prove that (4b) 
satisfies a formally linear equation in (4c) where the matrices A 
and B only depends on 0 to (k-1)th order power series 
coefficients Y(0:k-1) and Λ(0:k-1). The derivation and proofs 
are conducted for constant power load assumption and ZIP load 
assumption respectively. 
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C. DTs of the Nonlinear Power Flow Equations with Constant 
Power Load Model 
Under the assumption of constant power load, the nonlinear 
power flow equation (2) is written into (5)-(8) in rectangular 
coordinates, where ΩPQ, ΩPV, ΩREF are the set of PQ buses, PV 
buses and reference bus respectively, p and q are active and 
reactive power, e and f are the real and imaginary parts of bus 
voltages, g and b are real and imaginary parts of the admittance, 
v is the voltage magnitude, superscript sp means the value is 
specified, subscript i and j are the index of buses. 
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Following the transformation rules in [1]-[2], the DTs of 
(5)-(8) are derived in (9)-(12) respectively with details omitted.  
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Proposition 1: The transformed power flow equations 
(9)-(12) respectively satisfy formally linear equations 
(13)-(16). 
 P,0 ( ) ( ) , if i i i PQ PVk p k i        a Y   (13) 
 Q,0 ( ) ( ) , if i i i PQk q k i      a Y   (14) 
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where Y(k) 2 1N  and Λ(k)   are variables representing the 
DT of y and λ respectively; aP,i, aQ,i, aV,i aE,i, aF,i 1 2N   and εi, 
μi, ζi   are parameters given in the Appendix, together with 
the detailed proofs.  
 
Proposition 2: Under the assumption of constant power 
load, the DTs (4b) of nonlinear power flow equations (4a) 
satisfy a formally linear equation (4c) with matrices Agy, Agλ, 
and Bg given by (17).  
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For notation simplicity, here we let buses 1 to M be PQ 
buses, buses M+1 to N-1 be PV buses and bus N be the 
reference bus. The Proposition 2 can be easily proved from 
Proposition 1 and the details are omitted. 
D. DTs of the Nonlinear Power Flow Equations with ZIP 
Load Model 
Using the ZIP load model assumption, the power flow 
equations (5)-(8) needs to be modified. Specifically, (7)-(8) 
remain unchanged, but (5)-(6) need to be rewritten as (18)-(20) 
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respectively, where , ( )i ZIPp y  and , ( )i ZIPq y are derived in the 
subsection II-D-1) below. Note that the power injection in a ZIP 
load model is a function of the bus voltage vector y, which is 
different from the constant power load where the power 
injection of loads are constants. To sum up, the power flow 
equations for ZIP load model are given by (18)-(20) and (7)-(8). 
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DTs of power flow equations with ZIP load model can be 
derived as follows. Compared with the power flow equation 
with constant power load model, the only difference lies in the 
left-hand-side in (19)-(20), i.e., , ( )i ZIPp y  and , ( )i ZIPq y . 
Therefore, we first derive DTs of , ( )i ZIPp y  and , ( )i ZIPq y  
(denoted by , ( )i ZIPP Y  and , ( )i ZIPQ Y ) in the following 
subsection II-D-2), then we will present the DTs of the full set 
of power flow equations (18)-(20) and (7)-(8) for ZIP load 
model in subsection II-D-3).   
 
1) Power Injection of ZIP Load Model 
For constant impedance component, the impedance 
Re( ) Im( )sp sp spi i iz z j z   is specified, and its power injection 
is given in (21). 
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  (21) 
For constant current component, the current 
Re( ) Im( )sp sp spi i ii i j i   is specified, and its power injection 
is given in (22). 
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For constant power component, the power 
Re( ) Im( )sp sp sp sp spi i i i is s j s p jq     is specified, and its 
power injection is given in (23). 
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Therefore, the total power injection is given by (24)-(25) 
where ,   are the percentages of each component (Z,I,P) in 
active power and reactive power injections, which satisfy the 
equalities  , , , 1i Z i I i P      and , , , 1i Z i I i P     . 
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2) DTs of Power Injections of ZIP Loads 
DTs of (24)-(25) are given by (26)-(27), respectively, using 
the transformation rules of DT method with details omitted. 
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Proposition 3: The transformed power injection equations of 
ZIP load model (26)-(27) respectively satisfy formally linear 
equations (28)-(29). 
 , ZIP, ,( ) ( )i ZIP i ZIP iP k b Y a Y   (28) 
 , ZIP, ,( ) ( )i ZIP i ZIP iQ k d Y c Y   (29) 
Where aZIP,i, cZIP,i 1 2N   and bZIP,i, dZIP,i   are parameters 
given in the Appendix, together with the detailed proofs.  
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From Propositions 1-3, the following Propositions 4 and 5 
are easily obtained, with detailed proofs omitted. 
 
Proposition 4: Under the assumption of ZIP load, the 
nonlinear power flow equations (18)-(20) and (7)-(8) were 
converted to formally linear equations after DT. The detailed 
expressions of the linear equations are similar with those in 
Proposition 1, with slight modifications from (13)-(14) to 
(30)-(32).  
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Proposition 5: Under the assumption of ZIP load, the DTs 
(4b) of nonlinear power flow equations (4a) still satisfy the 
formally linear equation (4c). The detailed expressions of 
matrices Agy, Agλ, and Bg are similar with (17) in Proposition 2, 
with slight modifications on matrices Ay,PQ and By,PQ in (33). 
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III. CONCLUSION         
This letter extends the linear relationship in [2] to the 
nonlinear power flow equation with both constant power load 
and ZIP load model. It is proved that the nonlinear power flow 
equations satisfy formally linear equations after DT, under both 
load models. These results demonstrate the potential of the DT 
method to solve various power system nonlinear problems that 
are related with nonlinear power flow equations. 
APPENDIX 
To make the proofs more compact, the following Lemma is 
first proved and then directly used as a conclusion to prove 
Proposition 1 and Proposition 3.  
Lemma: For a quadratic nonlinear function z(t)=x(t)y(t), its 
DT satisfies a formally linear equation in (34). 
  ( ) ( ) ( ) ( ) ( )Z k X k Y k aX k bY k c       (34) 
Especially, when x(t)=y(t), (35) holds. 
  ( ) ( ) ( ) 2 ( )Z k X k X k aX k c      (35) 
Proof of Lemma:  
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Therefore, (34) holds with a, b and c given below. 
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k
m
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Proof of Proposition 1:  
We only prove (13) here as an example, and the proofs of 
(14)-(16) are similar.  
First, rewrite the RHS of (9) as 
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According to the Lemma, Term 1 is written as a formally 
linear equation about Ei(k) and Fi(k). 
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Then, both Term 2 and Term 3 are written as a formally 
linear equation about Ei(k), Fi(k), Ej(k) and Fj(k) below.  
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Finally, by summating the three terms and merging the 
similar terms, Equ. (13) holds with the vector aP,i and parameter 
εi given in (36) and (41). Similarly, Equ. (14)-(16) can be 
proved. Finally, vectors aP,i, aQ,i, aV,i, aE,i, aF,i, 1 2( 1)N    and 
parameters εi, μi, ζi   are  in (36)-(43). 
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Proof of Proposition 3:  
We only prove (28) here as an example, and the proof of (29) 
is similar. First, each component (Z, I, P) in (26) can be written 
as formally linear equations in (44)-(46). 
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Therefore, the total active power injection of ZIP load (26) is 
written as (47), which satisfy the linear equation (28) with 
vectors a and b given in (48)-(49). 
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Similarly, the total reactive power injection of ZIP load (27) 
also satisfies the linear equation (29) with vectors c and d given 
in (50)-(51). 
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